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A stable set S = {3,5} and a clique K = {1,2,3}.
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A maximum stable set S of G

S=1{1,4,6,7,8}) = a(G) =5
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A maximum clique K of G

K=1{1,2,3} = w(G)=3
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concepts

A stable set S of a graph G induces a 0-regular subgraph.

The stability number, a(G), is the cardinality of maximum
stable set of G.
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in Graphs connected by an edge.

Notation and basic
concepts

A cligue K of a graph G induces a (|K| — 1)-regular
subgraph.

The clique number, w(G), is the cardinality of maximum
clique.
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Matchings
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oo il m A edge subset M C E(G) is a matching if there are no

in Graphs two edges with a common vertex. A matching of
oming maximum size is a maximum matching.

m An example:
b

Notation and basic

concepts a g d

f

m A perfect matching is a matching M such that each
vertex v € V(@) is incident in one edge of M.
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B The graph G has the perfect matching {a, d, g}



Line graphs

Convex

p Juadratie B The line graph L(G) of a graph G has the edges of G as
in Graphs its vertices. Two vertices of L(G) are adjacent if and only if
s the corresponding edges of G have a vertex in common.
B A matching in G corresponds to a stable set in L(G).
B A graph G and its line graph L(G) are depicted in the next

figure.

b
f e f e

B The graph G has the perfect matching {a, d,g} and then
L(G) has the maximum stable set {a, d, g}.
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B Then o(G) = w(G) and determine the stability number is
equivalent to determine the clique number.
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Complexity results

Convex

Quadratic H[Karp, 1972] Given a nonnegative integer k, to determine

M TR graph G has a stable set of size k is NP-hard.
H[Alekseev, 1982] Considering H-free graphs, if H contains
a) acycle, or
b) a vertex of degree more than three, or

c) two vertices of degree three in the same connected
component.

Then the maximum stable set problem is NP-hard in the
class of H-free graphs.
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A few polynomial time classes for the maximum

stable set problem

Convex

Quadratic H There are classes of graphs for which the maximum

Programming

in Graphs stable set problem can be solved in polynomial time:

m Claw-free graphs, which includes the line-graphs
[(Berge, 1957), (Minty, 1980), (Sbhihi, 1980)].

B Particular subclasses of Ps-free graphs [(Mosca, 1997),
(Mosca, 1999)], including (Ps, K1 n)-free graphs,
(Ps, K2 3)-free graphs and (Ps, C4)-free graphs.
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The adjacency matrix of a graph and its

eigenvalues

Convex

Quadratic B A graph G of order n can be represented by its

Programming

in Graphs adjacency matrix, that is, the n x n matrix:
B Ag = (aj) such that

L _ {1, i€ EG)
Y71 0, otherwise.

W Thus Ag is symmetric and it has n real eigenvalues

)\max(AG) =AM2>X> 2> A= )\min(AG)-
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Basic spectral properties of a graph

Convex

Quadratic M If a graph G has at least one edge, then
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)\min(AG) < —1.

In fact, A\min(Ag) = —1 if and only if each component of G is
complete.

B Denoting the minimum and maximum degree of the
vertices of a graph G by 4(G) and A(G), respectively,

§(G) < dg < Amax(Ag) < A(G),

where dg is the average degree of the vertices of G.
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Theorem[Motzkin-Straus, 1965]

If G is a graph with clique number w(G), then

1 1

f(G) = 5(1- m). (1)

The Motzkin-Straus
quadratic program



The Motzkin-Straus quadratic program
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Quadratic W Consider a graph G and the quadratic program
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Domingos f(G) = maX{%XTAGX X e A},

where A = {x >0:&"x=1}and &" = (1,1,...,1).

Theorem[Motzkin-Straus, 1965]

If G is a graph with clique number w(G), then

1 1
16) =50~ @) (1)
B From (1), after some algebraic manipulation,

04(1(3) =min{x"(Ag+ )x : x € A} )
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Xxe T

va(r) = max2é’y —y (AG

na +y. (4)

B Then vg(1) is the M-S modified formulation (2).

Theorem|[C, 2003]

If x* and y* are optlmal solutlons for (3) and (4),

respectively, then - *— and 7~ are optimal solutions of (4)
and (3), respectrvely Furthermore va(T) = VG1(T)'

B As a consequence of this theorem, vg(1) = a(G).
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Properties of the family of quadratic programs

Convex

Quadratic W The family of quadratic programs
Programming
in Graphs

vG(T) = max2e’y - yT(ATG +1)y,
has the following properties (for all = > 0):
B o(G) < vg(T),
B <wvg(r)<n,
W vg(7) = 1if and only if G is complete,
W vg(7) = nif and only if G has no edges,
B and the function vg :]0, +-00[— [1, ] verifies:
WO0< 7 <m=vg(11) <vg(Te),
W 37* > 1 such that vg(7) = (G) V7 €]0, 77,
B VU C V(G) vg_uy(r) < vg(1).
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The convex quadratic cases

pﬁ%%ﬁfng B If E(G) # 0 and 7 > —\pin(Ag), then the quadratic
in Graphs program vg(7) is convex. The optimal value vg(—Amin(Ag))
s was firstly introduced as an upper bound on «(G) in (Luz,

1995). vg(—Amin(Ag)) is simple denoted v(G).

Theorem[Luz, 1995]

Let G be a graph with at least one edge. Then v(G) = a(G)
iff for a maximum stable set S ¢ V(G) (and then for all)

Amin(Ag) < INa(v) N S| v € V(G)\ S.



The convex quadratic cases

Convex

Gudai B If E(G) # (0 and 7 > —\pin(Ag), then the quadratic
B program vg(7) is convex. The optimal value vg(—Amin(Ag))
Dormingos was firstly introduced as an upper bound on «(G) in (Luz,

1995). vg(—Amin(Ag)) is simple denoted v(G).

Theorem[Luz, 1995]

Let G be a graph with at least one edge. Then v(G) = a(G)
iff for a maximum stable set S ¢ V(G) (and then for all)

Amin(Ag) < INa(v) N S| v € V(G)\ S.

B v(G) = a(G) iff there exists a stable set S ¢ V(G) such
that the above inequality holds (C. and Cvetkovi¢, 2006).
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It is immediate that v(G) = a(G) iff v(G) has a 0 — 1 optimal
solution x* and in such a case x* is the characteristic vector
of a maximum stable set.



Optimality condition for v(G)

Convex
Quadratic

Programming Theorem[C., 2001]

in Graphs
Domingos Let ai; be the i-th row of the matrix Ag. Then the n-tuple of

Moreira

Cardoso real numbers x* is an optimal solutions for the convex
quadratic program v(G) iff Vi € V(G)

x" =max{0,1 — rj(x)},

where ri(x*) = xS (e

It is immediate that v(G) = a(G) iff v(G) has a 0 — 1 optimal
solution x* and in such a case x* is the characteristic vector
of a maximum stable set. Therefore, the above optimality
conditions can be used, in a combinatorial way, to find (or to
conclude that does not exists) a 0 — 1 optimal solution.
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Graphs with convex QP-stability number

PSE?E’:%;Q B A graph G with at least one edge such that v(G) = a(G)
in Graphs is designated graph with convex QP-stability number,
s where QP means quadratic program. These graphs are
also called Q-graphs.
The cubic graph G, depicted in the next figure, is a Q-graph

With Amin(Ag) = —2 and v(G) = 4 = a(G).
9 8
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Additional examples of Q-graphs
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Another application of the discrete optimality

condition

following graph. 6

B Let us apply the discrete optimality conditions to the
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Another application of the discrete optimality

condition
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3 5

1 2
X1 X2 X3 X4 X5 Xo X7 1- f'(X)
xx|1]0]0]oO 1
x| 1]0]0/[0]1 1
x| 10|00 1] 1
xs|1]0]0 O] 1] 1|1 -1/2
xs| 10|00 |1 |11 1/2
Xq | 1 0 0 0 1 1 0 0
xs| 1]0]0]|]O0]|1|1]0 0
x| 1 J0[O0OJO[1T]1ToO 0
x7 | 1 0 0 0 1 1 0 0
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Some properties of Q-graphs

Convex

Quadratic B The class of Q-graphs is not hereditary (it is not closed

Programming

in Graphs under vertex deletion) (Lozin and C, 2012). However, if G is
s a Q-graph and 3U C V(G) such that

a(G) = (G — U),

then G — U is a Q-graph.
B The following properties appear in (C,2001).

m A Gis a Q-graph iff each component is a Q-graph.
m There exists an infinite number of Q-graphs (C, 2001).

m A connected graph with at least one edge, which is nor
a star neither a triangle, has a perfect matching if and
only if its line graph is a Q-graph.

m |f each component of G has a nonzero even number of
edges then L(L(G)) is a Q-graph.
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Recognition of Q-graphs

Convex

Quadratic B Every graph G has a subgraph H such that o(G) = a(H)

Programming

in Graphs and it is a Q-graph.
B If 3v € V(G) such that

v(G) # max{v(G — {v}),v(G - Na(V))},

then G is not a Q-graph.

B Consider that 3v € V(G) such that
v(G —{Vv}) # v(G — Ng(v)).

If v(G) = v(G— {v})then Gis a Q-graphiff G — {v} is
a Q-graph.

If v(G) = v(G— Ng(v)) then G is a Q-graph iff
G — Ng(v) is a Q-graph.



Recognition of Q-graphs (cont.)

Convex

Quadratic B We have problems when Vv € V(G)

Programming

B & 0(G)= (G v) = (G- Ng(v)) and
B Amin(Ag) = Amin(AG-v) = Amin(AG—ng(v))-
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Programming

in Graphs isolated vertices such that v(G) is integer and Vv € V(G)
el v(G) = v(G - Ng(v)),

Amin(AG) = Amin(AG—Ng(v))»
are called adverse graphs.




Recognition of Q-graphs (cont.)

Convex

Quadratic W The graphs having an induced subgraph G without

Programming

in Graphs isolated vertices such that v(G) is integer and Vv € V(G)
el v(G) = v(G - Ng(v)),

Amin(AG) = Amin(AG—Ng(v))»
are called adverse graphs.

B The graph G depicted in the next figure is an adverse
graph (which is a Q-graph, since v(G) = 5 = a(G)).

L L >
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Quadratic H The following conjecture is open.
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The adverse graph conjecture

Convex

Quadratic B The following conjecture is open.
Programming
in Graphs

ning

Every adverse graph is a Q-graph.
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Quadratic B A vertex subset S C V(G) is (k, 7)-regular if induces a

Programming

in Graphs k-regular subgraph and Vv ¢ S |[Ng(v) N S| = 7. The
ning Pertersen graph has several (k, 7)-regular sets.

S1=1{1,2,3,4}is (0,2)-regular.
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(k, T)-regular sets

Convex

Quadratic B A vertex subset S C V(G) is (k, 7)-regular if induces a

Programming

in Graphs k-regular subgraph and Vv ¢ S |[Ng(v) N S| = 7. The
ning Pertersen graph has several (k, 7)-regular sets.

S, =1{5.6.7,8,9.10}is (1,3)-regular.



(k, T)-regular sets

Convex

Quadratic B A vertex subset S C V(G) is (k, 7)-regular if induces a

Programming

in Graphs k-regular subgraph and Vv ¢ S |[Ng(v) N S| = 7. The
ning Pertersen graph has several (k, 7)-regular sets.




(k, T)-regular sets

Convex

Quadratic B A vertex subset S C V(G) is (k, 7)-regular if induces a

Programming

in Graphs k-regular subgraph and Vv ¢ S |[Ng(v) N S| = 7. The
ning Pertersen graph has several (k, 7)-regular sets.

S3 = {1,2.5,7.8} is (2,1)-regular.
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A few properties

omﬁﬁc m From [Barbosa, C, 2004] it follows that a graph G # K>
Programming . ieg .
in Graphs has a perfect matching iff its line graph has a
ning (0,2)-regular set.
m A p-regular graph G of order nis strongly regular with
parameters (n, p, a, c) iff for every vertex v € V(G), the

vertex subset

S = Ng(v)
is (a, c)-regularin G — v [C, Sciriha, Zerafa, 2010].

m Equivalent to the above statement, we may say that a
p-regular graph G of order n is strongly regular with
parameters (n, p, a, c) iff for every vertex v € V(G), the
vertex subset

S=V(G)\ {v}UNg(v))

is(p—c,p—a—1)-regularin G — v.



(r, 7)-regular sets and adverse graphs

Convex

pﬁsgéigag Theorem[C., 2003]
in Graphs

os An adverse graph G is a Q-graph iff 3S C V(G) which is
(0, 7)-regular, with 7 = =X\ in(Ag)-




(r, 7)-regular sets and adverse graphs

Convex
Quadratic

Programming Theorem[C., 2003]

in Graphs
An adverse graph G is a Q-graph iff 3S C V(G) which is
(0, 7)-regular, with 7 = —Ain(Ag)-

Bl Let G be a graph with at least one edge and consider the
modified convex quadratic program on a parameter k,

A A
vk(G) = max2&’x — xT (26
x>0 +T7 T

+ In)X7

where 7 = —A\pin(Ag)-
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subgraphs

Convex

Quadrati n . .
proggnﬂanéicng Theorem[C., Kaminski and Lozin, 2007]
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Let G be a graph of order n. If 35 C V(G) induces a
subgraph H such that dy = k (where dy denotes the
average degree of H, then |S| < v, (G).



(r, 7)-regular sets and k-regular induced
subgraphs

Convex
Quadratic

Progamting Theorem[C., Kaminski and Lozin, 2007]
in Graphs

Domingos Let G be a graph of order n. If 35 C V(G) induces a
: subgraph H such that dy = k (where dy denotes the
average degree of H, then |S| < v, (G).

Theorem[C., Kaminski and Lozin, 2007]

If 3S C V(G) inducing a k-regular subgraph, then
|IS| = vk(G) iff k + 7 < [Ng(v) N S| Vv e V(G)\ S.
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